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Abstract:
As one of the SQP-type programming, FSQP involves the solutions of quadratic programs as subproblems. This algorithm is particularly suited to the various classes of engineering applications where the number of variables is not too large but the evaluations of objective or constraint functions and of their gradients are highly time consuming. This project is intended to implement the Feasible Sequential Quadratic Programming (FSQP) algorithm as a tool for solving certain nonlinear constrained optimization problems with feasible iterates.
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1. Introduction
The role of optimization in both engineering analysis and design is continually expanding. As a result, the faster and more powerful optimization algorithms are in constant demand. Motivated by problems from engineering analysis and design, feasible sequential quadratic programming (FSQP) are developed as a dramatic reduction in the amount of computation while still enjoying the same global and fast local convergence properties. 
The application of FSQP includes all branches of engineering, medicine, physics, astronomy, economics and finances, which abounds of special interest. In particular, the algorithms are particularly appropriate for problems where the number of variables is not so large, while the function evaluations are expensive and feasibility of iterates is desirable. But for problems with large numbers of variables, FSQP might not be a good fit. The minimax problems with large numbers of objective functions or inequality constraints, such as finely discretized semi-infinite optimization problems, could be handled effectively, for instance, problems involving time or frequency responses of dynamical systems. 
The typical constrained minimax problem is in the following format showing in eq.(1).
	
	

minimize      
	1. 














where  is smooth. FSQP generates a sequence  such that  for all  and .  where stands for the number of objective functions . If , .  is a set of points  satisfying the following constraints, as shown in eq.(2).
	
	

	1. 














where  and  are smooth;  stands for the number of nonlinear inequality constraints;  stands for the total number of inequality constraints;  stands for the number of nonlinear equality constraints, and  stands for the total number of inequality constraints.  stands for the constraint of lower boundary and  stands for the constraint of upper boundary. , ,  and  stand for the parameters of linear constraints.
2. Algorithm
To solve the constrained minimax problem using FSQP, five steps are taken as a sequence: 1) initialization; 2) computation of a search arc; 3) arch search; 4) updates; and 5) stop.











Parameters setting as: , , , , , , , , , , .





Data: , , and  for .
2.1 Initialization







FSQP solves the original problem with nonlinear equality constraints by solving a modified optimization problem with only linear constraints and nonlinear inequality constraints. Set , the identity matrix as the initial Hessian matrix, and an initial guess . If  is infeasible for linear constraints, a point  satisfying these constraints is generated by solving the strictly convex quadratic program. If  or newly generated initial guess is infeasible for the nonlinear inequality constraints, a point  is generated satisfying all constraints by iterating on the problem of minimizing the maximum of the nonlinear inequality constraints. 
	
	

,     
	1. 



and the original objective function  is replaced by the modified objective function
	
	

	1. 








where , , which are positive penalty parameters that are iteratively adjusted. For , replace  by  whenever . 


Based on a sequential quadratic programming iteration, an Armijo-type line search is used when minimizing the maximum of the nonlinear inequality constraints to generate an initial feasible point . If  is infeasible for some constraint other than a nonlinear equality constraint, substitute a feasible point. 
2.2 Stop check



If  and , iteration stops and return the value .
2.3 Computation of a search arc












From an initial guess , the following steps are repeated as  converges to the solution. The four steps are used to compute a search arc: 1) compute ; 2) compute ; 3) compute ; and 4) compute .  stands for the direction of descent for the objective function and  stands for an arbitrary feasible descent direction.  stands for the feasible descent direction between the directions of  and . And  stands for a second order correction which could be deemed as a “bent” of the search direction. Inner relations among the parameters are displayed in Figure 1.
[image: ][image: ]
Figure 1. Calculations of direction d in FSQP

2.3.1 Compute 







Compute , the solution of the quadratic program . At each iteration , the quadratic program  that yields the SQP direction  is defined at  for  symmetric positive definite by
	
	

	1. 



Given , following notation is made.
	
	

	1. 

	
	

	1. 



2.3.2 Compute 

Compute  by solving the strictly convex quadratic program
	
	

	1. 



2.3.3 Compute 



Set  with , where .

2.3.4 Compute 



In order to avoid the Maratos effect and guarantee a superlinear rate of convergence, a second order correction  is used to “bend” the search direction. That is an Armijo-type search is performance along the arc . The Maratos correction  is taken as the solution of QP.
	
	

	1. 



Compute  by solving the strictly convex quadratic program
	
	

	1. 


The set of active constraints by
	
	

	1. 


2.4 Arc search







If , , while if , . Compute , the first number  in the sequence  satisfying 
	
	

	1. 

	
	

,  .
	1. 

	
	


,  & 
	1. 

	
	

,  
	1. 


2.5 Updates



The updating scheme for the Hessian estimates  is also defined in implementation. Using BFGS formula with Powell’s modification to compute the new approximation  as the Hessian of the Lagrangian, where  
	
	

	1. 

	
	

	1. 




where stands for the Lagrange function, and  stands for the Lagrange multiplier. 

A scalar  is then defined by
	
	

	1. 



Defining  as
	
	

	1. 


The rank two Hessian update is
	[bookmark: _GoBack]
	

	1. 


Then, the new point is set as 
	
	

	1. 



Solve the unconstrained quadratic problem in 
	

	1. 



For , update the penalty parameters as 
	
	

	1. 



Set 
3. Implementation
Hardware: the program will be developed and implemented on my personal computer.
Software: the program will be developed by Java.
4. Validation 


Example. For , the objective function 
The constraints are




Feasible initial guess , 


Global minimizer , 
5. Testing

Example. The objective function 



Where 


, 



The feasible initial guess is 

With the corresponding value of the objective function 
Other practical problems such as the wind turbine setting could also be applied if time permits.
6. Project Schedule
	Time
	             Tasks

	October
	· Literature review; 
· Specify the implementation module details;
· Structure the implementation;


	November
	
· Develop the quadratic programming module;
· Unconstrained quadratic program;
· Strictly convex quadratic program;
· Validate the quadratic programming module;


	December
	· Develop the feasible initial point module;
· Validate the feasible initial point module;
· Develop the Gradient and Hessian matrix calculation module;
· Validate the Gradient and Hessian matrix calculation module;
· Midterm project report and presentation;


	February
	
· Develop Step II - the computation of a search arc;
· Validate Step II;
· Develop Step IV - the Hessian matrix and the penalty parameters updating;
· Validate Step IV; 

	March
	
· Develop Step III - the arc search;
· Integrate the program;


	April
	· Debug and well document the program;
· Validate and test the program;
· Develop the user interface if time available;

	May
	
· Final project report and presentation;




7. Deliverables
· Project proposal;
· Algorithm description;
· Java code;
· Validation results; 
· Test database; 
· Test results; 
· Project reports; 
· Presentations;
8. Bibliography
[bookmark: _ENREF_1]Charalambous, Conn and AR Conn. "An Efficient Method to Solve the Minimax Problem Directly." SIAM Journal on Numerical Analysis 15, no. 1 (1978): 162-187.

[bookmark: _ENREF_2]Goldfarb, Donald and Ashok Idnani. "A Numerically Stable Dual Method for Solving Strictly Convex Quadratic Programs." Mathematical programming 27, no. 1 (1983): 1-33.

[bookmark: _ENREF_3]Lawrence, Craig T and André L Tits. "Nonlinear Equality Constraints in Feasible Sequential Quadratic Programming∗." Optimization Methods and Software 6, no. 4 (1996): 265-282.

[bookmark: _ENREF_4]Lawrence, Craig T and André L Tits. "A Computationally Efficient Feasible Sequential Quadratic Programming Algorithm." Siam Journal on optimization 11, no. 4 (2001): 1092-1118.

[bookmark: _ENREF_5]Li, Wu and John Swetits. "A New Algorithm for Solving Strictly Convex Quadratic Programs." SIAM Journal on Optimization 7, no. 3 (1997): 595-619.

[bookmark: _ENREF_6]Madsen, Kaj and Hans Schjaer-Jacobsen. "Linearly Constrained Minimax Optimization." Mathematical Programming 14, no. 1 (1978): 208-223.

[bookmark: _ENREF_7]Mayne, DQ and E Polak. "Feasible Directions Algorithms for Optimization Problems with Equality and Inequality Constraints." Mathematical Programming 11, no. 1 (1976): 67-80.

[bookmark: _ENREF_8]Watson, GA. "The Minimax Solution of an Overdetermined System of Non-Linear Equations." IMA Journal of Applied Mathematics 23, no. 2 (1979): 167-180.



8

image2.wmf
xX

Î


oleObject47.bin

image47.wmf
0

x


oleObject48.bin

oleObject49.bin

image48.wmf
0

x


oleObject50.bin

image49.wmf
0

j

h

£


oleObject51.bin

image50.wmf
1,2,...,

e

jn

=


oleObject52.bin

oleObject2.bin

oleObject53.bin

image51.wmf
{

}

1

(,)max()()

e

f

n

mijj

iI

j

fxpfxphx

Î

=

=-

å


oleObject54.bin

image52.wmf
j

p


oleObject55.bin

image53.wmf
1,...,

e

jn

=


oleObject56.bin

oleObject57.bin

image54.wmf
()

j

hx


oleObject58.bin

image3.wmf
i

f


image55.wmf
()

j

hx

-


oleObject59.bin

image56.wmf
0

()0

j

hx

>


oleObject60.bin

image57.wmf
0

x


oleObject61.bin

oleObject62.bin

image58.wmf
0

||||

k

d

e

£


oleObject63.bin

image59.wmf
1

|()|

e

n

jke

j

hx

e

=

£

å


oleObject3.bin

oleObject64.bin

image60.wmf
k

x


oleObject65.bin

oleObject66.bin

image61.wmf
k

x


oleObject67.bin

image62.wmf
0

k

d


oleObject68.bin

image63.wmf
1

k

d


oleObject69.bin

image4.wmf
{}

k

x


image64.wmf
k

d


oleObject70.bin

image65.wmf
k

d

%


oleObject71.bin

oleObject72.bin

oleObject73.bin

oleObject74.bin

oleObject75.bin

oleObject76.bin

oleObject77.bin

oleObject4.bin

image66.emf

image67.emf

oleObject78.bin

oleObject79.bin

image68.wmf
(,,)

kkk

QPxHp


oleObject80.bin

image69.wmf
k


oleObject81.bin

oleObject82.bin

oleObject83.bin

image5.wmf
()0

jk

gx

£


image70.wmf
k

x


oleObject84.bin

image71.wmf
k

H


oleObject85.bin

image72.wmf
0

000

0

0

0

0

1

min,'(,,)

2

..

()(),0,

1,...,

1,...,

()(),0,

1,...,

,

kkk

d

k

jkjk

i

e

jkjk

ee

jkj

dHdfxdp

blxdbu

st

gxgxd

jt

jn

hxhxd

jtn

axdb

ì

+

ï

ï

£+£

ï

ï

í

+Ñ£

=

ï

ï=

+Ñ£

ï

=-

ï

+=

î


oleObject86.bin

image73.wmf
f

II

Ì


oleObject87.bin

image74.wmf
()max{()}

Ii

iI

fxfx

Î

=


oleObject88.bin

oleObject5.bin

image75.wmf
1

'(,,)max{()(),}()(),

e

f

f

n

iiji

I

iI

j

fxdpfxfxdfxphxd

Î

=

=+Ñ--Ñ

å


oleObject89.bin

oleObject90.bin

oleObject91.bin

image76.wmf
1

0101

,

1

1

1

1

1

1

min,

2

..

'(,,)

()(),1,...,

,1,...,

()(),1,...,

,1,...,

n

kk

d

k

kk

jkjki

jkjii

jkjke

jkjee

dddd

stblxdbu

fxdp

gxgxdjn

cxddjtn

hxhxdjn

axdbjtn

g

h

g

g

g

g

ÎÎ

ì

--+

ï

ï

£+£

ï

ï

£

ï

ï

+Ñ£=

í

ï

+£=-

ï

ï

+Ñ£=

ï

ï

+==-

ï

î

¡¡


oleObject92.bin

oleObject93.bin

image77.wmf
01

(1)

kkkkk

ddd

rr

=-+


oleObject94.bin

image78.wmf
00

||||/(||||)

kkkk

ddv

kk

r

=+


image6.wmf
j


oleObject95.bin

image79.wmf
1

1

max(0.5,||||)

kk

vd

t

=


oleObject96.bin

oleObject97.bin

image80.wmf
(,,)

n

ddxdH

=Î

%%

¡


oleObject98.bin

image81.wmf
2

xtdtd

++

%


oleObject99.bin

image82.wmf
k

d

%


oleObject100.bin

oleObject6.bin

image83.wmf
2

'

()

1

min(),()(,,,)

2

..

()(),min(||||,||||)(){:}

,(){:}

()(),min(||

f

n

k

k

ii

kkkkkkk

Id

d

kk

g

jkkjkkkkki

g

jnkkjnkki

jkkjk

ddHddfxdxdp

stblxddbu

gxdgxdvddjIdjjn

cxdddjIdjjn

hxdhxdvd

t

Î

--

++++

£++£

++Ñ£-ÎÇ£

++£ÎÇ>

++Ñ£-

¡

%%%%

%

%

%

%

2

||,||||)1,...,

,1,...,

kke

jkkjee

djn

axddbjtn

t

ì

ï

ï

ï

ï

ï

í

ï

ï

ï

=

ï

ï

++==-

î

%


oleObject101.bin

oleObject102.bin

image84.wmf
1

'(,,)max{()(),}()(),

e

n

iiIji

iI

j

fxdpfxdfxdfxphxd

Î

=

=++Ñ--Ñ

å

%%%


oleObject103.bin

image85.wmf
,

(){{1,...,}:|()|0.2()}

{{1,...,}:|0}

g

kkijkkjk

ikj

Idjtgxdgx

jt

l

=Î£×Ñ

ÈÎ>


oleObject104.bin

image86.wmf
0

ie

nn

+¹


oleObject105.bin

image87.wmf
'(,,)

kkkk

fxdp

d

=


image7.wmf
k


oleObject106.bin

image88.wmf
0

ie

nn

+=


oleObject107.bin

image89.wmf
00

,

kkkk

dHd

d

=-


oleObject108.bin

image90.wmf
k

t


oleObject109.bin

image91.wmf
t


oleObject110.bin

image92.wmf
2

{1,,,...}

bb


oleObject7.bin

oleObject111.bin

image93.wmf
2

(,)(,)

mkkkkmkkk

fxtdtdpfxpt

ad

++£+

%


oleObject112.bin

image94.wmf
2

()0

jkkk

gxtdtd

++£

%


oleObject113.bin

image95.wmf
1,...,

i

jn

=


oleObject114.bin

image96.wmf
2

,

ii

jnkkkjn

cxtdtdd

--

++£

%


oleObject115.bin

image97.wmf
i

jn

">


image8.wmf
{1,...,}

f

f

In

=


oleObject116.bin

image98.wmf
()

g

kk

jId

Ï


oleObject117.bin

image99.wmf
2

()0

jkkk

hxtdtd

++£

%


oleObject118.bin

image100.wmf
1,...,

e

jn

=


oleObject119.bin

image101.wmf
k

H


oleObject120.bin

image102.wmf
1

k

H

+


oleObject8.bin

oleObject121.bin

image103.wmf
11

0.

T

kk

HH

++

=>


oleObject122.bin

image104.wmf
11

kkk

xx

h

++

-

@


oleObject123.bin

image105.wmf
11

ˆˆ

(,)(,)

kxkkxkk

LxLx

gll

++

Ñ-Ñ

@


oleObject124.bin

image106.wmf
ˆ

(,)

Lx

l


oleObject125.bin

image107.wmf
ˆ

k

l


image9.wmf
f

n


oleObject126.bin

image108.wmf
1

(0,1]

k

q

+

Î


oleObject127.bin

image109.wmf
1111

1

11

1111

1,0.2

0.8

TT

kkkkk

T

k

kkk

TT

kkkkk

H

H

otherwise

H

hghh

q

hh

hhhg

++++

+

++

++++

ì

³

ï

í

ï

-

î

@


oleObject128.bin

image110.wmf
1

n

k

x

+

Î

¡


oleObject129.bin

image111.wmf
11111

(1)

kkkkkk

H

xqgqd

+++++

×+-×

@


oleObject130.bin

image112.wmf
1111

1

1111

TT

kkkkkk

kk

TT

kkkkk

HH

HH

H

hhxx

hhhx

++++

+

++++

=-+


oleObject9.bin

oleObject131.bin

image113.wmf
2

1

kkkkkk

xxtdtd

+

=++

%


oleObject132.bin

image114.wmf
m


oleObject133.bin

image115.wmf
2

,1,1,11

1111

min||()()()()||

f

iee

n

e

e

n

ttn

kjjkkkjjkkjjkjjk

jjjnj

fxgxhxhx

m

zxlmm

++++

Î

===+=

Ñ++Ñ+Ñ+Ñ

åååå

¡


oleObject134.bin

image116.wmf
1,...,

e

jn

=


oleObject135.bin

image117.wmf
,1

,

0

1,

1,

;

||||min{0.5,0.01}

max{,}

kjj

kj

kj

km

jkj

p

p

p

d

potherwise

me

ee

emd

+

+³

ì

ï

=

>

í

ï

-

î


image10.wmf
f


oleObject136.bin

image118.wmf
1.

kk

=+


oleObject137.bin

image119.wmf
3

x

Î

¡


oleObject138.bin

image120.wmf
3

22

12312

min()(3)4()

x

fxxxxxx

Î

=+++-

¡


oleObject139.bin

image121.wmf
3

123

123

..0,1,2,3

6430

10

i

stxi

xxx

xxx

³=

--+£

---=


oleObject140.bin

image122.wmf
0

(0.1,0.7,0.2)

T

x

=


oleObject10.bin

oleObject141.bin

image123.wmf
0

()7.2

fx

=


oleObject142.bin

image124.wmf
*

(0,0,1)

T

x

=


oleObject143.bin

image125.wmf
*

()1

fx

=


oleObject144.bin

image126.wmf
6

1,...,163

minmax()

i

i

x

fx

=

Î

¡


oleObject145.bin

image127.wmf
1

12

23

34

45

56

6

..0

0

0

0

0

0

3.50

stxs

xxs

xxs

xxs

xxs

xxs

xs

-+£

-+£

-+£

-+£

-+£

-+£

-+£


image11.wmf
0

f

n

=


oleObject146.bin

image128.wmf
6

1

12

()cos(7sin)cos(2sin)

1515

iiji

j

fxx

pqpq

=

æö

=++

ç÷

èø

å


oleObject147.bin

image129.wmf
(8.50.5)

180

i

i

p

q

+

=


oleObject148.bin

image130.wmf
1,2,...,163

i

=


oleObject149.bin

image131.wmf
0.425

s

=


oleObject150.bin

image132.wmf
0

(0.5,1,1.5,2,2.5,3)

T

x

=


oleObject11.bin

oleObject151.bin

image133.wmf
0

1,...,163

max()0.2205

i

i

fx

=

=


oleObject152.bin

image12.wmf
f

I

f

=


oleObject12.bin

image13.wmf
X


oleObject13.bin

image14.wmf
n

x

Î

¡


oleObject14.bin

image15.wmf
()0,1,...,

(),0,1,...,

()0,1,...,

(),0,1,...,

ii

ee

ji

jjnjnii

je

jjnjnee

blxbu

gxjn

gxcxdjnt

hxjn

hxaxbjnt

--

--

££

ì

ï

£=

ï

ï

º-£=+

í

ï

==

ï

ï

º-==+

î


oleObject15.bin

image16.wmf
j

g


oleObject16.bin

image17.wmf
j

h


oleObject17.bin

image18.wmf
i

n


oleObject18.bin

image19.wmf
i

t


oleObject19.bin

image20.wmf
e

n


oleObject20.bin

image21.wmf
e

t


oleObject21.bin

image22.wmf
bl


oleObject22.bin

image23.wmf
bu


oleObject23.bin

image24.wmf
j

a


oleObject24.bin

image25.wmf
j

b


oleObject25.bin

image26.wmf
j

c


oleObject26.bin

image27.wmf
j

d


oleObject27.bin

image28.wmf
0.1

h

=


oleObject28.bin

image29.wmf
0.01

u

=


oleObject29.bin

image30.wmf
0.1

a

=


oleObject30.bin

image31.wmf
0.5

b

=


oleObject31.bin

image32.wmf
2.1

k

=


oleObject32.bin

image33.wmf
12

2.5

tt

==


oleObject33.bin

image34.wmf
0.1

t

=


oleObject34.bin

image35.wmf
1

1

e

=


oleObject35.bin

image36.wmf
1

s

e

=


oleObject36.bin

image1.wmf
max{()}

f

i

iI

fx

Î


image37.wmf
5

d

=


oleObject37.bin

image38.wmf
01

s

d

<

=


oleObject38.bin

image39.wmf
0

n

x

Î

¡


oleObject39.bin

image40.wmf
0

e

>


oleObject40.bin

image41.wmf
0

e

e

>


oleObject41.bin

oleObject1.bin

image42.wmf
0,2

j

p

e

=


oleObject42.bin

image43.wmf
1,...,

e

jn

=


oleObject43.bin

image44.wmf
0

k

=


oleObject44.bin

image45.wmf
0

H

=


oleObject45.bin

image46.wmf
00

x


oleObject46.bin

